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Embeddings of compact Sasakian
manifolds
Liviu Ornea1 and Misha Verbitsky2
Abstract
Let M be a compact Sasakian manifold. We show that
M admits a CR-embedding into a Sasakian manifold dif-
feomorphic to a sphere, and this embedding is compatible
with the respective Reeb fields. We argue that a stronger
embedding theorem cannot be obtained. We use an ex-
tension theorem for Ka¨hler geometry: given a compact
Ka¨hler manifolds X ⊂ Y , and a Ka¨hler form ωX on X
which lies in a Ka¨hler class [ω] of Y restricted to X , ωX
can be extended to a Ka¨hler form ωY on Y .
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1 Introduction
Sasakian manifolds are in many ways odd-dimensional counterparts of Ka¨h-
ler manifolds. Quite a few theorems of Ka¨hler geometry have their analogues
in Sasakian geometry.
In Ka¨hler geometry one has the Kodaira-Nakano embedding theorem
stating that a compact Ka¨hler manifold with integral Ka¨hler class is projec-
1Liviu Ornea is partially supported by CEx grant no. 2-CEx 06-11-22/25.07.2006.
2Misha Verbitsky is an EPSRC advanced fellow supported by EPSRC grant
GR/R77773/01.
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tive. The embedding given by this theorem is holomorphic but, in general,
non-isometric.
Does there exist a similar result in Sasakian geometry?
To answer the question, one needs to find a model space (analogous of
the projective space). One also needs to find out what is an analogue of
holomorphic maps in Sasakian geometry.
Sasakian manifolds are equipped with a contact CR-structure and a CR-
holomorphic action of the corresponding Reeb field. An analogue of a holo-
morphic map is obviously a CR-holomorphic immersion X →֒ Y . One would
also require that the Reeb field action on Y preserve X.
In Ka¨hler geometry, the model space for the Kodaira-Nakano embed-
ding theorem is CPn. However, its analogue in Sasakian geometry must
have continuous moduli, as we shall now explain. The CR-embeddings be-
have, in this sense, much more like Ka¨hler immersions than the holomorphic
immersions.
Recall that a Sasakian manifold where the Reeb field acts with compact
orbits is called quasi-regular.
Consider a CR-holomorphic immersion of CR-manifolds X →֒ Y , with
Y Sasakian, and X preserved by the Reeb field. This Reeb action defines a
Sasakian structure on X. Indeed, it is positive in the sense of [BGS]. This
is analogous to the fact that a restriction of a Ka¨hler metric to a complex
subvariety is again a Ka¨hler metric. It turns out that any such a map is
compatible with a set of Sasakian structures, and some of these Sasakian
structures are quasi-regular.
Claim 1.1. Let W1, W2 be compact Sasakian manifolds and suppose there
exists a CR-embedding W1 →֒ W2 which commutes with the flows of the
respective Reeb fields ξ1, ξ2. Then, there exists a quasi-regular Sasakian
structure on W2 whose Reeb flow preserves W1.
Proof: Let G be the group of Sasakian automorphisms ofW2 which preserve
W1. By assumption, G contains the flow of ξ2 and hence it contains a whole
torus in which one can deform the initial Reeb flow to a quasi-regular one
(see [OV2] and also [K]).
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Let ξ be this quasi-regular Reeb field on W2 (its flow preserves W1). It
is a positive CR-vector field on W2 and its restriction to W1 is still CR-
holomorphic and positive. Hence, according to [BGS], ξ is a Reeb field on
W1 too. Then the orbifolds W1/ξ and W2/ξ are Ka¨hler
1, and one has the
Ka¨hler (thus isometric) embedding W1/ξ →֒W2/ξ.
Now, if such a model space W2 exists, the Ka¨hler orbifold it fibers on
is determined by a choice of a quasi-regular Reeb field. Such a Reeb field
corresponds to a homomorphism S1 →֒ T , where the torus T is the group
of isometries of W2 obtained as the closure of the flow of ξ2 (see Claim 1.1).
But there only exists a countable number of Lie group homomorphisms of
S1 into a compact torus. The source Sasakian manifold, W1 in the above
notations, projects on an arbitrary Ka¨hler orbifold. And one cannot expect
to have an isometric embedding of an arbitrary Ka¨hler orbifold into a model
Ka¨hler orbifold, or a countable number of such orbifolds. Obviously, the
model space must have continuous (and even infinite-dimensional) moduli.
This shows that one cannot aim at a precise analogue of the Kodaira-
Nakano theorem for Sasakian manifolds (and, in particular, Theorem 6.1 in
[OV2] is not correct as stated).2
Here we present the best possible result in this direction:
Theorem 1.2. Any compact Sasakian manifold admits a CR-embedding
into a Sasakian manifold S which is diffeomorphic to a sphere, and such
that the corresponding Ka¨hler manifold S ×R>0 is biholomorphic to Cn\0.
We prove Theorem 1.2 in Section 3.
2 Background on Sasakian and Vaisman manifolds
We present the minimum necessary facts about Sasakian and Vaisman man-
ifolds. For details and examples, see [BG, BGS, DO, OV1, OV2, OV3, OV4,
Va].
Definition 2.1. A Sasakian manifold is a Riemannian manifold (W, g)
such that the cone metric t2g+ dt2 on W ×R>0 is Ka¨hler with respect to a
1The Ka¨hler structure on Wi/ξ is obtained as a restriction of the Levi form.
2The argument used in the proof of [OV2, Theorem 6.1] is essentially correct, but only
a contact immersion is constructed.
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dilatation-invariant complex structure.
The conic Ka¨hler metric has a global potential ϕW = t
2. Clearly, W ,
identified with the slice at t = 1, is the level set ϕ−1
W
(1). As such, W has
a subjacent strictly-pseudoconvex structure, the Reeb field being ξ = J
d
dt
(see e.g. [OV4]). It can be shown that the Reeb field is Killing, unitary and
all the plane sections passing through it have curvature 1:
R(X,Y )ξ = g(ξ, Y )X − g(X,Y )ξ. (2.1)
A pair (g, ξ), with ξ Killing, unit and satisfying (2.1) is called a Sasakian
structure on W .
The foliation generated by ξ has a transverse Ka¨hler structure. If the
orbits of ξ are closed, the Sasakian structure is called quasi-regular. In
this case, the Reeb field generates a locally free S1-action such that the
leaf space is an orbifold and the transverse Ka¨hler structure projects to it.
Hence, a quasi-regular Sasakian manifold is a principal S1-bundle over a
Ka¨hler orbifold.
Remark 2.2. All quasi-regular Sasakian manifolds can be obtained as fol-
lows (see [OV4, Example 1.9]). Let X be a projective orbifold with only
quotient singularities and let L be an ample Hermitian line bundle over X
with positive curvature. Then Tot(L∗ \ {0}), the space of non-zero vectors
in the dual of L, has a Ka¨hler structure given by the potential ϕ(v) =| v |2.
If W := ϕ−1(1) is smooth, it is a Sasakian manifold which is a principal
S1-bundle over X.
While there are examples of Sasakian structures which are not quasi-
regular (even Sasaki-Einstein ones, see e.g. [GMSW]), it is known that a
Sasakian structure on a compact manifold can always be deformed to a
quasi-regular one (see [OV2]). The trick is to deform the Reeb field in the
torus generated by its flow.
Sasakian geometry is closely related to Vaisman geometry and our proof
exploits this link. We confine to the compact case for which the following
definition works (see [OV1]):
Definition 2.3. A Vaisman manifold is a Hermitian manifold (M,J, h)
admitting a cover which is a cone W × R>0 endowed with a conic Ka¨hler
4
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metric globally conformal with the lift of h and with respect to which the
deck group acts by holomorphic homotheties.
The Ka¨hler metric in the definition has a global potential given by
ψ(m, t) = t2 (see [Ve]).
The Reeb field of W and its complex conjugate together give rise to
a 1-dimensional holomorphic foliation F on M which defines a transversal
Ka¨hler structure on a Vaisman manifold. When this foliation has compact
leaves, the Vaisman structure is called quasi-regular and the leaf-spaceM/F
is a Ka¨hler orbifold.
It is known that the product of a compact Sasakian manifold with S1
has a natural Vaisman structure.
A typical example of Vaisman manifold is the diagonal Hopf manifold
Hn(λ1, . . . , λn) := C
n \ {0}/Z ∼= S2n−1 × S1, where Z is represented by
the group generated by (zi) 7→ (λizi), for some (ordered) nonzero complex
numbers λi of module < 1. Hence, the Vaisman structure is here asso-
ciated to a deformation of the standard Sasakian structure of the sphere.
The orbifold Hn(λ1, . . . , λn)/F is in this case the weighted projective space
CPn(λ1, . . . , λn).
The Hopf manifold plays in Vaisman geometry the role of the projective
space from Ka¨hler geometry:
Theorem 2.4. [OV3] Every compact Vaisman manifold admits a holomor-
phic embedding in a diagonal Hopf manifold.
Now, starting with a compact quasi-regular Sasakian manifold, we con-
sider a compact quasi-regular Vaisman manifoldW×S1. Clearly, leaf-spaces
W/ξ and M/F are naturally identified. In particular, the weighted pro-
jective space can be viewed as Hn(λ1, . . . , λn)/F or as basis of the Hopf
fibration S2n+1/ξ. Moreover, it can be shown ([OV2, OV3]) that the above
holomorphic embedding descends to a holomorphic embedding of the orb-
ifold W/ξ into the weighted projective space CPn(λ1, . . . , λn).
On the other hand, any Vaisman structure has a subjacent locally con-
formal Ka¨hler structure, i.e. there exists an open cover such that the re-
striction of the Vaisman metric to each open set of the cover is conformal to
some Ka¨hler metric. Hence, as in conformal geometry, one is led to consider
the weight bundle L′ → M which is the trivial line-bundle associated to
the frame bundle by the representation GL(2n,R) 7→| det(A) | 12n , where
n = dimCM . We proved in [OV2] that for any compact quasi-regular Vais-
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man manifold, the push-forward to M/F of the complexified of L′ is ample.
Using Remark 2.2, this gives a way of constructing quasi-regular compact
Sasakian manifolds out of quasi-regular compact Vaisman ones.
3 The embedding theorem
LetW be a compact Sasakian manifold,M =W×S1 the associated Vaisman
manifold, and Ψ :M →֒ Hn(λ1, . . . , λn) the holomorphic embedding into the
diagonal Hopf manifold described in Theorem 2.4.
According to [OV4, Example 1.9], the Ka¨hler cone M˜ =W ×R>0 of M
is equipped with a Ka¨hler potential ϕW such that W :=W ×{1} = ϕ−1W (1).
Then Ψ naturally lifts to a holomorphic embedding M˜ →֒ H˜n(λ1, . . . , λn) =
C
n \ {0}.
Now assume that the potential ϕW is the restriction of a potential ϕH
on Cn \ {0}. Then we have a CR embedding W →֒ ϕ−1
H
(λ). The following
lemma implies that this space is diffeomorphic to a sphere.
Lemma 3.1. Let ϕ be a positive Ka¨hler potential on V = Cn\{0}, satisfying
XA(ϕ) = 2ϕ for a vector field XA on V , XA
∣∣∣
v
= A(v), where A is a linear
operator on V . Then the level sets ϕ−1(λ) are diffeomorphic to a sphere,
for all positive λ ∈ R.
Proof. SinceXA(ϕ) = 2ϕ, exp(A) acts on V as a homothety, with respect to
the Ka¨hler metric defined by
√−1∂∂ϕ. Therefore, exp(−A) is a contraction.
Consider the 1-dimensional foliation XA on V generated by the vector
field XA. Let r(t, x) := exp(tA)x, x ∈ V , t ∈ R. Denote by Sx the image of
the map r(·, x) : R−→ V . Clearly, the sets Sx are leaves of XA. The leaf
space V/XA is naturally isomorphic to S2n−1 (this isomorphism is apparent,
because exp(−A) is a contraction).
On Sx, the function ϕ becomes exponential after a coordinate change.
Therefore, Sx intersects with ϕ
−1(λ) precisely once. This defines a diffeo-
morphism
ϕ−1(λ)−→ V/XA = S2n−1.
We thus have a CR embedding W →֒ ϕ−1
H
(λ) in a Sasakian manifold
diffeomorphic to a sphere.
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Remark 3.2. This diffeomorphism is not a CR-equivalence. Indeed, CR-
isomorphic pseudoconvex hypersurfaces in Cn bound domains which are
biholomorphically equivalent (see e.g. [OV4]). On the other hand, the
sphere ϕ−1
H
(λ) is built from a homogeneous potential which can be chosen
arbitrarily. In [OV4] it is shown that starting from an arbitrary strictly
pseudoconvex, S1-symmetric hypersurface V ⊂ Cn, we can find a Ka¨hler
potential for which V is a level set. Of course, a domain which is bound by
such a hypersurface is not necessarily biholomorphic to a Euclidean ball.
From Lemma 3.1, we obtain that the embedding problem for Sasakian
manifolds is reduced to an extension problem for plurisubharmonic functions
which we now prove.
Theorem 3.3. Let Ψ : W × S1 →֒ Hn(λ1, . . . , λn) be the holomorphic em-
bedding of Vaisman manifolds described above. Then there exists a Ka¨hler
potential on Cn \ {0} extending the potential ϕ : W × R>0 → R and the
restriction of Ψ to the respective level sets is a CR-embedding.
Proof. Replace the Reeb flow on W by a quasi-regular one as in Claim 1.1.
Consider the holomorphic embedding Ψ : W × S1 →֒ Hn(λ1, . . . , λn) of
quasi-regular Vaisman manifolds constructed as in [OV3]. Let M˜ →M be a
cone covering of M =W ×S1. We assume that M˜ is endowed with a global
Ka¨hler potential given by the square length of the Lee field. As in [OV4],
let L → X be an ample C∗ Hermitian bundle over a projective orbifold X
such that M˜ = Tot(L∗ \ {0}).
From the definitions it is apparent that the homogeneous of weight 2
Ka¨hler potentials on M˜ are in one-to-one correspondence with the positive
Hermitian structures on L.
As X is projective, let f : X → CPn(λ1, . . . , λn) be a holomorphic em-
bedding (in the category of orbifolds, see [B]). Of course, f is the projection
of the holomorphic embedding Ψ.
The bundle L is the push-forward of the complexification of the weight
bundle of the Vaisman manifold W × S1 (see [OV2]). As such, one sees
that L is the pull-back of the tautological bundle of the weighted projective
space: L = f∗O(λ1, . . . , λn). Hence, to finish the proof, it will be enough to
show that the Hermitian metric of L→ X is the restriction of a Hermitian
metric in O(λ1, . . . , λn)→ CPn(λ1, . . . , λn). But this will follow if we show
that the metric (equivalently, the Ka¨hler form) of X is the restriction of a
7
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metric on CPn(λ1, . . . , λn) preserving the given cohomology class, which is
proven in Section 4.
4 Ka¨hler metrics extended from a submanifold
4.1 Ka¨hler metrics and plurisubharmonic functions
The sketch of the proof of the following theorem was communicated to us
by J.-P. Demailly in an e-mail.
Theorem 4.1. Let (M,ω) be a compact Ka¨hler manifold, and Z ⊂ M a
closed complex submanifold. Denote by [ω] ∈ H2(M) the Ka¨hler class of
M . Consider a Ka¨hler form ω0 on Z such that its Ka¨hler class coincides
with the restriction [ω]
∣∣∣
Z
. Then there exists a Ka¨hler form ω′ on M in the
same Ka¨hler class as ω, such that ω′
∣∣∣
Z
= ω0.
Proof. The proof is based on two theorems, which are found in [D]. The first
one is existence of regularized maximum of two plurisubharmonic functions.
Proposition 4.2. Let ϕ and ψ be two smooth plurisubharmonic functions
on a complex manifold M . Then for any δ > 0 there exists a smooth
plurisubharmonic function maxδ(ϕ,ψ) which is equal to max(ϕ,ψ) unless
|ϕ − ψ| < δ. Moreover, maxδ(ϕ,ψ) is strictly plurisubharmonic if ϕ and ψ
are strictly plurisubharmonic.
Proof. Let λ : R2 −→ R be a convex function which is non-decreasing
in each variable. Then λ(ϕ,ψ) is also plurisubharmonic. Taking a smooth
convex approximation λδ of λ(x, y) = max(x, y), we obtain maxδ(ϕ,ψ) :=
λδ(ϕ,ψ).
The second one is existence of a plurisubharmonic function with a loga-
rithmic pole in any given complex variety.
Proposition 4.3. Let (M,ω) be a compact Ka¨hler manifold and Z ⊂M a
complex analytic subvariety. Then there exists a function ϕ on M which is
smooth outside Z, satisfies
√−1 ∂∂ϕ > −Cω, (4.1)
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for some positive constant C, and has logarithmic poles along Z; that is,
locally along Z we have
ϕ(z) ∼ log
∑
|gk(z)| +O(1),
where gk is a local system of generators of the ideal sheaf of Z in OM .
Proof. See Lemma 2.1 of [DP].
Using these two results, we can easily prove Theorem 4.1. Write the
Ka¨hler form ω0 as
ω0 = ω
∣∣∣
Z
+
√−1 ∂∂u,
where u is a smooth function on Z. Extending u to M arbitrarily and
adding the distance term C1d(z, Z)
2, we may assume that u is defined over
M and that (1 − ε)ω + i∂∂u is strictly positive near Z, for some positive
ε < 1
2
. Consider a function ϕ with logarithmic poles in Z constructed in
Proposition 4.3. Near Z the function ϕ is very small, hence ψ := maxδ(
ε
C
ϕ+
A, u) is equal to u in some open neighbourhood of Z, for any constant A ∈ R.
Therefore, ω′ := ω+
√−1∂∂ψ satisfies ω′
∣∣∣
Z
= ω0. Let U be a neighbourhood
of Z where
√−1 ∂∂u+ (1− ε)ω is positive. The same argument as used to
prove Proposition 4.2 also gives an estimate of ∂∂ψ
∣∣∣
U
:
√−1 ∂∂ψ
∣∣∣
U
> −(1− ε)ω (4.2)
(we use
√−1 ε
C
∂∂ϕ > −εω, which comes from (4.1), and √−1 ∂∂u
∣∣∣
U
>
−(1− ε)ω, which is essentially a definition of U ; also, ε < 1− ε, because we
chose ε < 1
2
). Choosing A sufficiently big, we may assume that ψ = ϕ + A
outside of U . Then, outside of U , ω′ is positive, because
ω′
∣∣∣
M\U
=
√−1 ∂∂ψ + ω = √−1 ε
C
∂∂ϕ+ ω > (1− ε)ω
which is positive. In U the form ω′ is positive, as follows from (4.2):
ω +
√−1 ∂∂ψ > ω − (1− ε)ω = εω.
We proved Theorem 4.1.
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4.2 Ka¨hler forms on orbifolds
In order to prove Theorem 1.2, as indicated in Section 3, we need to apply
the Ka¨hler extension result (Theorem 4.1) to weighted projective spaces,
which are orbifolds. The proof of Theorem 4.1 is valid in the orbifold situ-
ation, as we shall explain now.
A complex orbifold is a topological space covered by open sets of form
B/G, where B is an open ball in Cn, and G a finite group holomorphically
acting on B (different, generally speaking, for different elements of the cov-
ering), with the gluing map holomorphic and equivariant. It is Ka¨hler if
these open balls are equipped with a compatible Ka¨hler metric, and the
groups G acts by isometries.
Results about differential forms and the Hodge theory are carried over
to orbifolds word-by-word. In particular, the ∂∂-lemma is valid: given an
exact (p, q)-form η on a compact Ka¨hler orbifold, we may always find η1
such that η = ∂∂η1.
The proof of Theorem 4.1 for orbifolds is done in the same way. We start
with a smooth (in the sense of orbifolds) embedding Z ⊂M , a Ka¨hler form
ω0 on Z, and a Ka¨hler form ω on M with ω
∣∣∣
Z
−ω0 exact. Using ∂∂-lemma,
we write
ω0 = ω
∣∣∣
Z
+
√−1 ∂∂u.
The rest of the argument is local, and is repeated verbatim.
Acknowledgements: We are grateful to J.-P. Demailly for invaluable help,
Charles P. Boyer for insightful comments and to the referee for useful re-
marks.
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